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Abstract: Annihilation of vortex and anti-vortex in two dimensional turbulent superfluid
are important phenomena which reduce the topological defects. In this paper, we report
new findings on the annihilation process of a pair of vortices in holographic superfluid.
The process is found to consist of two stages which are amazingly separated by vortex size
2r. The separation distance δ(t) between vortex and anti-vortex as a function of time is
well fitted by α(t0 − t)n, where the scaling exponent n = 1/2 for δ(t) > 2r, and n = 2/5
for δ(t) < 2r. Thus the attractive force between vortex and anti-vortex is derived as
f(δ) ∝ 1/δ3 for the first stage, and f(δ) ∝ 1/δ4 for the second stage. Successfully, we
present physical interpretation for the theorem that the annihilation rate of vortices in
turbulent superfluid obeys the two-body decay law when the vortex density is low.
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1 Introduction
Turbulence can be roughly defined as a spatially and temporally complex state of fluid
motion[1]. It can be found everywhere, such as rapid stream, smog, airflow, superfluid
helium of heat convection, cold atoms being stirred, etc. Meanwhile, as the interaction is
nonlinear and involve many length and time scales, turbulence become one of the biggest
problems in modern science. Both the classical turbulence and quantum turbulence are
popular and active research directions. Specially, due to the great development of cooling
and controlling techniques in recent decades, quantum turbulence has established itself in
the turbulence community, shedding new light on both the quantum and classical aspects
of turbulence.
Vortices are essential objects in turbulence. They play a crucial role in various phenom-
ena. In quantum turbulence, such as superfluid helium, atomic Bose-Einstein condensates,
vortices are topological defects which are quantized. Reconnection of vortex lines in three
dimensional superfluid, or annihilation of vortex and anti-vortex in two dimensional super-
fluid are important phenomena which reduce the topological defects, dissipate energy and
randomise the velocity field[2]. During the reconnection process, the separation distance
δ(t) between two vortex lines varying with respect to time is intensively studied. It is firstly
reported by de Waele and Aarts[3] that
δ(t) = (κ/2pi)1/2
√
t0 − t, (1.1)
where κ is the circulation quantum and t0 is the reconnection time. This numerical work
is based on Schwarz’s vortex filament model[4], which assumes a very small vortex core.
Thus the above result breaks down when δ(t) is smaller than the vortex size. Anyway,
this (t0 − t)1/2 scaling is confirmed in He II experiment[5, 6], and by an approximate
analytic solution of the Gross-Pitaevskii Equation (GPE)[7]. However, there are also many
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numerical studies report similar fitting functions with modified scaling exponents. For
example, the fitting functions
δ(t) = A1(t0 − t)A2 , (1.2)
and
δ(t) = B1(t0 − t)1/2[1 +B2(t0 − t)] (1.3)
were reported in Refs.[2, 8–11], where the scaling exponent A2 was found to be varying
around 1/2 and B2 is small.
All the above studies are about three-dimensional situations. The two-dimensional
cases, such as the oblate Bose-Einstein condensates where vortices are annihilated rather
than reconnected, are also important and interesting. Do they have similar behaviors and
scaling exponents? In this paper, we try to solve this problem. We numerically simulate
and study the annihilation process of vortex and anti-vortex based on the holographic
duality rather than GPE. Holographic duality[12–14] is an alternative theoretical frame-
work to deal with strongly coupled quantum many-body systems which is encoded in a
classical gravitational system with one extra dimension. Holographic superfluid model was
established in Refs.[15, 16], while soliton and vortex solutions were studied in Refs.[17–19].
Recently, holographic superfluid turbulence were studied in Refs.[20–23]. Holographic su-
perfluid model is non-perturbational, thus allowing a first-principles investigation of the
annihilation process. What’s more, it handles finite temperature cases naturally. While
the GPE mainly handles the zero temperature case. Manually reconstructed GPE which
involves dissipative effect can handle the finite temperature cases[24].
This paper is organised as follows. Holographic superfluid model and relevant numer-
ics are introduced in Sec.2. Numerical results and attractive interaction between vortex
and anti-vortex are analysed and discussed in Sec.3. Sec.4 devotes to conclusions and
suggestions on future directions.
2 set up
For the two dimensional superfluid, a simple holographic model is a gravitational system in
asymptotically AdS4 spacetime. The corresponding bulk action can be written as[15, 16]
S =
1
16piG
∫
M
d4x
√−g(R+ 6
L2
+
1
q2
Lmatter), (2.1)
where the matter Lagrangian reads
Lmatter = −1
4
FabF
ab − |DΨ|2 −m2|Ψ|2. (2.2)
Here D = ∇ − iA with ∇ as the covariant derivative compatible to the metric. Aa is a
dynamical U(1) gauge field and Ψ is a complex scalar field with mass m and charge q.
To simplify the problem, one usually work in the probe limit, which decouples the matter
fields from gravity. Thus the Schwarzschild black brane can be written in the infalling
Eddington coordinates as
ds2 =
L2
z2
(−f(z)dt2 − 2dtdz + dx2 + dy2), (2.3)
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where the factor f(z) = 1 − ( zzh )3 with z = zh corresponding to the horizon and z = 0
corresponding to the AdS boundary. Then the equations of motion for the matter fields
can be written as
DaD
aΨ−m2Ψ = 0,∇aF ab = i(ΨDbΨ−ΨDbΨ). (2.4)
In what follows, we will take the units in which L = 1, 16piGq2 = 1, and zh = 1, and
work with m2 = −2 in the standard quantization case[25]. In the axial gauge Az = 0, the
asymptotic solutions of A and Ψ near the AdS boundary can be expanded as
Aµ = aµ + bµz + o(z),Ψ = z[β + ψz + o(z)]. (2.5)
According to the holographic dictionary, the temperature, the expectation values of the
conserved current jµ and the condensate operator O in the superfluid are given by[26]
T =
3
4pi
, (2.6)
〈jµ〉 = δSren
δaµ
= lim
z→0
√−gF zµ, (2.7)
〈O〉 = δSren
δβ
= − lim
z→0
z
√−γ(naDaΨ + Ψ)
= ψ − β˙ − iatβ, (2.8)
where the dot denotes the time derivative,and the renormalized action is given by
Sren = S −
∫
B
√−γ|Ψ|2 (2.9)
with the counter term added to make the original action finite.
Here we switch off the sources of the operators by setting
ax = 0, ay = 0, β = 0. (2.10)
Then the superfluid velocity is defined as
u =
J
|ψ|2 ,J =
i
2
(ψ∂ψ − ψ∂ψ), (2.11)
and the winding number σ of a vortex is
σ =
1
2pi
∮
c
dx · u, (2.12)
where c denotes a counterclockwise oriented path surrounding a single vortex. In what
follows we determine the position of the vortex by calculating the winding number of each
point in the system.
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To investigate the annihilation process of a vortex pair with winding number σ = ±1,
we consider a periodic 30×30 square box on which a pair of vortices evolve freely. The initial
position of the vortices are randomly placed. What’s more, a random perturbation velocity
field are added to the system. As a result, the vortices have random initial velocities. By
defining a new function Φ = Ψz , the later time behavior of the system is determined by the
following rewritten equations of motion
∂t∂zΦ = iAt∂zΦ +
1
2
[i∂zAtΦ + f∂
2
zΦ + f
′∂zΦ
+(∂ − iA)2Φ− zΦ], (2.13)
∂z(∂zAt − ∂ ·A) = i(Φ∂zΦ− Φ∂zΦ), (2.14)
∂t∂zA =
1
2
[∂z(∂At + f∂zA) + (∂
2A− ∂∂ ·A)
−i(Φ∂Φ− Φ∂Φ)]−AΦΦ, (2.15)
∂t∂zAt = ∂
2At + f∂z∂ ·A− ∂t∂ ·A− 2AtΦΦ
+if(Φ∂zΦ− Φ∂zΦ)− i(Φ∂tΦ− Φ∂tΦ). (2.16)
The related numerical methods used in this paper include pseudo-spectral method and
Runge-Kutta method. The pseudo-spectral method is used to represent the above functions
with 25 Chebyshev modes in the z direction and 241 Fourier modes in the x, y direction.
The Runge-Kutta method is used to evolve the equations in time direction with the time
step δt = 0.05. For a detail review of these methods, one can refer to Ref.[20, 22, 23, 27].
While the initial bulk configurations for Φ,A, At can be found in appendix A.
3 numerical results
Vortex and anti-vortex have the same configuration. The only difference is that one has
clockwise rotation while the other has counterclockwise rotation. The static vortex solution
can be obtained from the above equations of motion in the cylindrical coordinate[18]. When
the chemical potential of the superfluid is chosen as µ = 6 > µc, the vortex configuration is
shown in Fig.1. We define the vortex radius as r, such that |〈O(r)〉| = 0.99|〈O〉|max, where
|〈O〉|max denotes the condensation of homogeneous superfluid solution. The vortex radius
r is found to be 2.05.
3.1 separation distance between vortex and anti-vortex
We achieve long-time simulations of the vortex annihilation process and obtain 10 sets of
data. As examples, the superfluid configurations for different time t = 400, 592, 640, 660
are shown in Fig.2. The graph is especially shown at time t = 592, when the vortex and
anti-vortex just touched, with δ(t = 592) = 2r = 4.1. The initial relative motion speed is
small. The separation distance δ(t) decreases with time until the vortices are annihilated.
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Figure 1. The configuration of vortex for chemical potential µ = 6. We define the vortex radius
as r, such that |〈O(r)〉| = 0.99|〈O〉|max. Here r = 2.05.
Figure 2. The superfluid configurations for different time t = 400, 592, 640, 660. Red arrow
indicates the moving direction. The separation distance δ(t) decreases with time until the vortices
are annihilated. The graph is especially shown at time t = 592, when the vortex and anti-vortex
just touched, that is δ(t = 592) = 2r = 4.1.
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Figure 3. The blue dots represent the real-time separation distance between the vortices. The
solid red lines are the fitting curves (δ(t) = 0.529(649.6 − t)1/2 and y = 0.5x − 0.639) for the
first stage (δ(t) > 4.1), and the solid green lines are the fitting curves (δ(t) = 0.799(649.6 − t)2/5
and y = 0.4x − 0.227) for the second stage(δ(t) < 4.1). It clearly shows that the process can be
divided into two stages, the first stage has a scaling exponent 1/2 and the second stage has a scaling
exponent 2/5.
δ(t) is shown in Fig.3. The blue dots represent the separation distance between the
vortices at different times. We want to study the interaction between vortex and anti-vortex
without being affected by other effects. So the separation distance is recorded every ∆t
from time t = 330, when the initially added perturbation modes are basically dissipated.
From t = 330 to t = 600, ∆t = 2. While for the rest of time, ∆t = 1. It can be seen from
the figure that the separation distance of the vortices becomes smaller with time, and the
relative motion between them becomes faster and faster, as if there is a mutually attractive
force. In particular, from their contact δ(t) < 2r = 4.1, the acceleration becomes larger,
that is, the attractive force becomes larger. As a result, this annihilation process can be
divided into two stages. The first part is the stage before the vortex pair contacts each
other, while the second part is the stage after the contact. In Fig.3, the solid red line is
the fitting curve for the first stage (δ(t) > 4.1), and the solid green line is the fitting for
the second stage(δ(t) < 4.1).
As shown in the first three graphes, the first stage is well fitted by function
δ(t) = A(t0 − t)1/2, (3.1)
where A = 0.529 is the fitting constant, t0 = 649.6 is the time when the vortex pair
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annihilates. The second stage is well fitted by function
δ(t) = B(t0 − t)2/5, (3.2)
where B = 0.799 is the fitting constant. The fourth graph is a log-log plot. The fitting
function is
ln(δ(t)) = nln(t0 − t) +$. (3.3)
It clearly shows that the process can be divided into two stages, the first stage has a scaling
exponent n = 0.5 and the second stage has a scaling exponent n = 0.4. The results of
the fourth graph are consistent with those of the first three graphes. In the 10 sets of
simulation experiments, the average value of A is 0.529, and B is 0.798. More detailed
data analysis can be found in appendix B.
A comparison of our results with the results of previous work is interesting. First of
all, the scaling law 1/2 of the separation distance between vortices for δ(t) > 2r seems to
be universal for two dimensional and three dimensional cases. It is predicted by simple
dimensional analysis[3, 11]. It is also confirmed by experiments[5, 6],and by an approxi-
mate analytic solution [7]. Although some numerical studies report small modified scaling
exponents[2, 8–11]. Secondly, when δ(t) < 2r, a novel scaling exponent 2/5 is obtained
in this paper. Due to the small vortex radius, minor differences between the two scaling
exponents 1/2 and 2/5 may have not yet been observed in other works.
3.2 attractive interaction
Eq.(3.1) and Eq.(3.2) can be rewritten into the following form,
δ(t) = α(t0 − t)n. (3.4)
Then the velocity that the vortices are approaching to each other is derived as
v(t) =
dδ(t)
dt
= −nα(t0 − t)n−1. (3.5)
The expression of velocity about distance can be obtained as
v(δ) = −nα 1n δ1− 1n . (3.6)
The expression of acceleration about time is derived as
a(t) =
d2δ(t)
dt2
= n(n− 1)α(t0 − t)n−2. (3.7)
The expression of acceleration about distance can be obtained as
a(δ) = n(n− 1)α 2n δ1− 2n . (3.8)
If the vortices are loosely treated as particles, then according to the expression of the
acceleration with respect to the separation distance, we can derive the attractive force
between the vortex and anti-vortex as a function of separation distance,
f(δ) ∝ |a(δ)| = |n(n− 1)α 2n δ1− 2n |. (3.9)
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Figure 4. For the second stage, left graph is a(t), right graph is a(δ). When the separation distance
is far away, the acceleration is extremely small.
For the first stage, n = 1/2, the attractive force is
f(δ > 2r) ∝ 1
δ3
. (3.10)
For the second stage, n = 2/5, the attractive force is
f(δ < 2r) ∝ 1
δ4
. (3.11)
For the second stage, the acceleration as a function of time and as a function of separation
distance is shown in Fig.4. When the separation distance is far away, the acceleration is
extremely small, and the velocity increases very slowly.
3.3 vortex annihilation rate in superfluid turbulence with low vortex density
It can be seen that only when the separation distance is very small, even less than the
vortex size 2r = 4.1, the acceleration is larger. Here we present a theoretical interpretation
why the annihilation process of vortices in superfluid turbulence obeys the two-body decay
law when the vortex density is low[22, 23, 28]. As the separation distance of vortices are
large, the attractive force between them is small and the acceleration is small. Also because
of the chaotic motion of superfluid turbulence, the effect of the long distance attractive
force between vortex and anti-vortex is weakened. Therefore the average velocity of the
vortex can be regarded as a constant v0 for δ > 2r. So the annihilation probability for
a pair of vortices should be proportional to the area (v02r) swept by one vortex per unit
time, and inversely proportional to the area (l2/N(t)) occupied by a single vortex. That is
P1 ∝ v02r
l2/N(t)
. (3.12)
Then the total annihilation rate should be
dN(t)
dt
= −N(t)P1 ∝ −N(t) v02r
l2/N(t)
= −2rv0
l2
N(t)2, (3.13)
or rewritten in terms of the vortex number density
dn(t)
dt
∝ −2rv0n(t)2 = −Cn(t)2, (3.14)
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where C is a constant. The above equation denotes the two-body decay law. n(t) is
obtained as
n(t) =
1
Ct+ 1/n0
∝ (t+ α)β, (3.15)
where β = −1 which is successfully interpreted the results in Ref.[22, 23, 28].
4 conclusion and discussion
In this paper, annihilation process of vortices in two-dimensional superfluid is numerically
simulated based on holographic duality. Firstly, the separation distance between vortex
and anti-vortex as a function of time is recorded. The function is well fitted by α(t0 − t)n,
where the scaling exponent n = 1/2 for δ(t) > 2r, and n = 2/5 for δ(t) < 2r. Thus the
annihilation process can be divided into two stages which are separated by the vortex size
2r.
Secondly, the approaching velocity as a function of time and as a function of separation
distance are probed. When the separation distance is far away, the velocity increases
very slowly and the acceleration is extremely small. If the vortices are loosely treated as
particles, we obtain the attractive force f(δ) ∝ 1/δ3 for the first stage, and f(δ) ∝ 1/δ4 for
the second stage.
Thirdly, according to the characteristics of acceleration, we can reasonably assume
that the average velocity of vortex in turbulent state is a constant when δ > 2r. Then
the annihilation rate is derived as dn(t)dt ∝ −Cn(t)2 which is called the two-body decay
law. Thus we successfully explained why the annihilation process of vortices in superfluid
turbulence obeys the two-body decay law when the vortex density is low[22, 23, 28].
In the end, we would like to emphasize that the scaling exponent 1/2 for δ(t) > 2r
in two-dimensional superfluid is same with many results[3, 5–7, 11] obtained in three-
dimensional cases. This means that the dimensional analysis argument of Ref.[3, 11] works
also in this two-dimensional holographic superfluid case. The only relevant dimensional
quantity is the circulation quantum. But their dimensionless parameters are different.
What’s more, another scaling exponent 2/5 is obtained for δ(t) < 2r in this paper. This
new discovery may be examined by experiment with higher resolution. In this paper, we
only consider the chemical potential µ = 6 case. The dependence of the power law on
chemical potential will be revealed in our next paper. All of the above results are based
on holographic duality. The two-dimensional cases in other models deserve to be disclosed
in the future research. We will give the two-dimensional result within the GPE model in
the near future. Investigation of the interaction between two same kind of vortices is also
interesting. According to the symmetry, the interaction should be repulsive. When the
separation distance is large, the repulsive behavior should be the same as the attractive
force. When the separation distance is small, these two forces should behave differently.
Anyway, the final result deserves to be revealed.
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Appendix A: initial bulk configurations for Φ,A, At
At chemical potential µ = 6, the static superfluid are randomly located a pair of vortex
and anti-vortex and are added a random perturbation velocity field. To achieve the ini-
tial configuration, firstly the static superfluid solution[15] is multiplied with normalized
vortex and anti-vortex solutions[18], e.g. Φeq(z)
Φvortice(z,x−x1,y−y1)
Φeq(z)
Φanti−vortice(z,x−x2,y−y2)
Φeq(z)
,
where (x1, y1) and (x2, y2) are the coordinates of the vortex and anti-vortex. Secondly,
based on Eq.(2.11), the above obtained configuration Φ(z, x, y) can be multiplied with
a random phase eiχ(x,y) to add the perturbation velocity field. Here we take χ(x, y) =
ReγΣnxΛkx=−nxΛΣ
nyΛ
ky=−nyΛξ(k)e
ik·x, where γ is a small constant, nx, ny are small integers
with Λ = 2pi30 , and ξ(k) is a set of O(1) random complex coefficients[23]. In this paper, γ is
set to be 0.04, nx and ny are taken as the same value with two cases as 4 and 10.
Appendix B: data analysis of Fig.3
In Fig.3, the blue dots (tm, δm) represent the real-time separation distance of the vortex
pair. Data analysis start from (t1 = 330, δ1 = 9.535). When the separation distance is
large, the attractive force is extremely small. Meanwhile, at early time, the initially added
perturbation modes which are not basically dissipated have an effect on motion of vortices.
As a result, behavior of (tm, δm) before t1 = 330 is not so regular and the data is omitted.
By applying the least square method, we obtain the red fitting curves for the first stage
and the green fitting curves for the second stage.
For the first three graphes, the fitting function is Eq.(3.4), ie δ(t) = α(t0 − t)n which
has three parameters α, t0, n. In the enlarged view, it can be determined that the range
of t0 is (649.4 − 649.8). Then we use the average relative deviation value to measure the
quality of the fitting functions. The average relative deviation function is designed as
ε(α, t0, n) =
∑m=i2
m=i1
(|α(t0 − tm)n − δm|/δm)
i2 − i1 + 1 × 100%. (4.1)
To determine t0, i1 is taken as 137 where t137 = 601 and i2 is taken as 185 where t185 = 649.
For a giving specific t0 and by applying the least square method, the fitting function
δ(t) = α(t0 − t)n is obtained, ie the parameters α, n are determined. Then the average
relative deviation values ε(t0) for different fitting functions can be calculated and are listed
in Table.1. One can find that the t0 = 649.6 case is the best as the average relative
deviation value ε(t0 = 649.6) = 0.502% is minimum. What’s more, the approximation of
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t0 649.4 649.5 649.6 649.7 649.8
α 0.804 0.793 0.783 0.772 0.763
n 0.399 0.402 0.406 0.409 0.412
ε(t0) 0.883% 0.675% 0.502% 0.517% 0.587%
Table 1. For a giving specific t0 and by applying the least square method, the fitting function
δ(t) = α(t0 − t)n is obtained, ie the values of α, n are determined. Then the average relative
deviation values ε(t0) for different fitting functions are calculated.
n 0.48 0.49 0.50 0.505 0.51 0.52
α 0.588 0.558 0.529 0.515 0.501 0.475
ε(t0) 1.110% 0.738% 0.565% 0.533% 0.539% 0.709%
Table 2. In the first stage, for a giving t0 = 649.6 and a specific n, by applying the least square
method, the fitting function δ(t) = α(649.6−t)n is obtained, ie the parameter α is determined. Then
the average relative deviation values ε(t0 = 649.6, n) for different fitting functions are calculated.
the exponent n ≈ 0.4 is very good. The error of the exponent for the second stage can be
defined as
η12 =
n(t0 = 649.6)− 0.4
0.5− 0.4 × 100% =
0.406− 0.4
0.1
× 100% = 6%. (4.2)
Thus we set n = 2/5 and t0 = 649.6. The corresponding fitting function is obtained as
δ(t) = 0.799(649.6 − t)2/5, which has an average relative deviation value of ε = 0.547%,
which is very small. In this point of view, the data is well fitted by the function. For the first
stage, i1 is taken as 1 where t1 = 330 and i2 is taken as 132 where t132 = 592. The average
relative deviation values ε(t0 = 649.6, n) for different fitting functions δ(t) = α(649.6− t)n
are listed in Table.2. One can find that the n = 0.505 case is the best as the average relative
deviation value ε(t0 = 649.6, n = 0.505) = 0.533% is minimum. While, we set n = 1/2 for
the first stage where the average relative deviation value ε(t0 = 649.6, n = 0.5) = 0.565%
which is also small. So the approximation of the exponent n = 1/2 is very good. The error
of the exponent for the first stage can be defined as
η11 =
0.505− 0.5
0.5− 0.4 × 100% = 5%. (4.3)
The fourth graph is a log-log plot. The fitting function is Eq.(3.3), ie ln(δ(t)) =
nln(649.6− t) +$ which has two parameters n,$. By applying the least square method,
the fitting functions are determined with n = 0.499, $ = −0.632 for the first stage and
with n = 0.402, $ = −0.232 for the second stage. If we set the value of n first, the fitting
function will possess only one parameter $. For the first stage, setting n = 1/2, the
fitting function is determined with $ = −0.639 and the corresponding average relative
deviation value ε(n = 1/2, $ = −0.639) = 0.281% which is small. For the second stage,
setting n = 2/5, the fitting function is determined with $ = −0.227 and the corresponding
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1 2 3 4 5 6 7 8 9 10
t0 649.6 506.2 482.2 670.5 489.4 1240.4 926.5 518.8 468.2 625.2
A 0.529 0.528 0.528 0.529 0.530 0.531 0.527 0.528 0.528 0.529
η11 5% 2% 9% 6% 8% 3% 6% 3% 5% 4%
B 0.799 0.794 0.802 0.796 0.795 0.797 0.797 0.801 0.798 0.797
η12 6% 9% 9% 7% 8% 4% 1% 6% 8% 4%
Table 3. Results of 10 sets of simulation experiments. t0 is the vortices annihilation time, A is
the parameter in fitting function δ(t) = A(t0 − t)1/2, η11 is the error of scaling exponent n = 1/2,
B is the parameter in fitting function δ(t) = B(t0 − t)2/5 and η12 is the error of scaling exponent
n = 2/5.
average relative deviation value ε(n = 2/5, $ = −0.227) = 0.587% which is also small. So
the functions are well fitted and the approximation of the exponents are very good. Then
the error of the exponent for the first stage can be defined as
η21 =
0.499− 0.5
0.5− 0.4 × 100% = −1%. (4.4)
The error of the exponent for the second stage can be defined as
η22 =
0.402− 0.4
0.5− 0.4 × 100% = 2%. (4.5)
Appendix C: 10 sets of simulation experiments
As discussed in Appendix A, the vortices are randomly located on superfluid where a
random perturbation velocity field are added. Therefore, the 10 sets of simulations have
different initial conditions and the results are shown in Table.3 with vortices annihilation
time t0, parameter A in fitting function δ(t) = A(t0 − t)1/2, scaling exponent error η11,
parameter B in fitting function δ(t) = B(t0 − t)2/5 and scaling exponent error η12.
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